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1 
One of the major achievements of approximation theory is the following: 
THEOREM 1. (D. Jackson [S], S. N. Bernstein [I], A. ~ygrn~~d [IO]). ILet 
f be a real function with domain (-CO, co), and period 2~. Let q be a positive 
number, let p be the largest integer smaller thaPz q, azd set 01 = q - p, so that 
q = p $ ol, 0 < 01 < 1. A necessary and suficient condition that there exist 
a constant A, andfor n = 1,2,... a real trigonometric polynomial 
h(X) = ap -I- f ap) cos kx + bp’ sin kx 
k=l 
such that 
sup I f(x) - fn(4 G /f/n42 63 
--m<e<m 
is 
(i) lyq is not an integer, that f (p) exist throughout (-co, CC), a~dsatis~~ 
there a Eipschitz condition of order cl; 
(ii) if q is an integer, that f(p) (i.e., f (*-I)) exist and be continuous in 
(- co, co), and satisfy, for some constant B, 
1 f’“‘(x) - 2f’@(x + h) + jQ”‘(x + 2h)j < Bh 
whenever-m <xtx+Zh< co. 
(3) 
The purpose of the present article is to prove a result of exactly the same 
form as Theorem 1 in which the trigonometric Polynomials (1) are replaced 
by splinesf, , where n refers not to their degree but to the number of knots, 
the knots being equidistant. As to the degree k of thhe sp?ines, we have 
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complete freedom in its choice as long as q < k + 1. We include, however, 
alsothecaseq>k+ 1. 
THEOREM 2. Let -CC < a < b < CO, and let f be a real function with 
domain [a, b]. Let q be a positive number, k an integer 3 1, and dejine p and OL 
as in Theorem 1. A necessary and suficient condition that (*) there exist a 
constant A, andfor n = 1,2,... a real function fn which in each interval 
I,,j = [a + (b - a) n-‘(j - l), a + (b - a) n-lj], j = 1, 2 ,..., n, 
coincides with a polynomial of degree Q k, and which has a (k - 1) th deriva- 
tive throughout (a, b) such that 
is 
SUP I f(x) - fnW G Al@, 
a<xCb 
(i) ifqisnotanintegerandq<k+l,orzfq=k+ l,thatf(“)existl 
throughout [a, b] and satisfy there a Lipschitz condition of order u.; 
(ii) zf q is an integer < k + 1, that f(p) (i.e., f (n-1)) exist and be con- 
tinuous in [a, b], and satisfy, for some constant B, the inequality (3) whenever 
a<x<x+2h<b; 
(iii) ifq > k + 1, thatf coincide in [a, b] with some polynomial of degree 
< k. 
Proof. Necessity. If q < k, necessity follows from the Lemma below, 
since $ of the Lemma is < k - 1. If k < q < k + 1, it follows 
from Theorem 1 of [6]. Finally, if q > k + 1, it follows from [3] (Korollar, 
p. 130). 
Suficiency. We may clearly assume q < k + 1. Whether or not q is an 
integer, if f (p) exists throughout [a, b] and satisfies there a Lipschitz condition 
of order 01, then, by [2, Corollaries 1 and 2, p. 2331, (*) of Theorem 2 holds. 
Suppose now q is an integer < k + 1, f (9) exists and is continuous in [a, b], 
and satisfies (3) whenever a < x < x + 2h < b. From Theorem 2 of [7] 
[(d) implies (a)] it follows that, for n = 1, 2,..., there exists a real function E;, 
which in each interval In,$ , j = 1,2 ,..., n, coincides with a polynomial of 
degree < k - p, and which has a (k - p - 1) th derivative throughout (a, b) 
such that max&& If (p)(x) - F,(x)/ < A*+, A* being a constant. If 
p = 0, we are through; hence assumep > 0. For n = 1,2,..., let G, be a real 
1 If p > 1, thenf’P1 at a and at b, the end points of the domain off, is understood to 
be a one sided pth derivative. Similarly below. 
SMOOTHNESS AND APPROXIMATION BY SPLINES 367 
function with domain [aa, b] which in each In,j, j = 1, 2,..., n, coincides with 
a polynomial of degree < k, and for which C$$ = I&(x) throughout (a, b). 
Then 1 f+‘)(y) - Gp-l)(y) - (f(~-~)(x) - G~p-l)(x))l < A*n-l(y - x) 
whenever a < x < y < b. By the above corollaries in [2], for n = 1,2,... there 
is a real function g, with domain [a, b], which in every I,,j ~ j = 2, 2,..., 12, 
coincides with a polynomial of degree < k and which has a (/c - 1) th 
derivative throughout (a, b) such that ma&$.& j j(x) - G,(x) - g,(x)1 < 
#P1, A being a constant (independent of n). We can now takef, = G, + g,, 
n = 1, 2,.... This completes the proof. 
3 
LEMMA. Let f be a realfunction with domaim [a, b] (- CC < a < b < CD), 
letkandpbeintegers30,andletO<a~2.~f==aandk=pi-1,ketM 
be the set of all numbers 2”3”, u = 0, 1, 2 ,..., D = 0, I, 2 ,.... Otherwise, let 
N = {2O, 2l, 22 ,... }. If 01 = 1 and k # p + 1, let J = p $ 1. otherwise, let 
~5 = p. Suppose there is a constant A, and for every n E N a real function fa 
with domain [a, b] for whichff) exists throughout (a, b), which in each interval 
In,j = [a + (b - a) n-‘(j - l), a + (b - a) n-lj], j = 1, Z!,..., n, coi~~~~es 
with a polynomial of degree < k such that 
Then f(P) exists throughout [a, b]. If 01 < 1, ftP) satisfies there a Lipschitz 
condition of order CX. If o1 = 1, f(p) is continuous in [a, b], and there is a constant 
B such that 1 f(p)(x) - 2f (p)(x + h) + j(n)(x + 2h)l ,( Bh wherever 
Proof. If 01 = 1 and k = p + 1, let d be an integer >, 0. Otherwise, set 
d = 5. Let V,,,(x) = f&(x), and for v = 1, 2 ,...) let 
Then XV”=, V,,,(x) converges to f(x) in [a, b]. 4&o, using the sup norm 
over [a, b], 
II ~“,cz II d llf2”3d - f II + llf-f2"-lgd /I < C(2Y3yg+a), 
v = 1, 2,...; e = A(1 + 2p+y. 
(4 
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Using W. A. Markoff’s inequality [9, p. 361 in each of the intervals 12Y3d,j, 
j= 1,2 ,..., 2y3d, we obtain, for v = 1, 2 ,..., and h = 0, l,..., p, 
h-l 
< C[2/(b - a)]” I”‘: (k2 - j2)/(2j + l)] (2v3d)h-P--oi, (5) 
j=O 
where JJili means 1 if h = 0. Therefore, for h = 0, l,..., p, Cf, 11 V$ jl 
converges, and therefore C,“=, V,‘pJ(x) converges uniformly in [a, b]. Hence 
throughout [a, b], f(g) exists and equals C,z, ViFJx). Let D denote the 
coefficient of (2Y3d)h-+-b in the extreme right member of (5), for h = p, and let 
D* = 02-91 - 2F). Then throughout [a, b], for m = 0, 1, 2 ,..., 
j f(“)(x) - Cz, ViTA( < C,“=,+, /) Vi?1 // < D*(2m3d)-a. In particular, if 
f(“)(x) f 0, as we can and shall assume, k 3 p. Given n E N, say n = 2m3s, m 
and 8 nonnegative integers, set Vn(x) = x2, F’s:&), and observe that 
in each interval &, j = 1,2,..., n, V,(x) coincides with a poly- 
nomial of degree < k -p; SUP,<~~~ /f(“)(x) - V,(x)/ < D*n-, 
and, so, f(p) is continuous in [a, b]; if cy. = 1 and k # p + 1, (6) 
then V,(X) is differentiable throughout (a, b). 
We set U,(t) = Vv,o(t), v = 0, 1, 2 ,.... 
(A) Supposez<l,p=O,sothatd=O.Leta,<x<y<b,andlet 
fi be the smallest positive integer IZ satisfying 27~ - x) > b - a. We have: 
If(Y) -.ml = / f U”(Y) - w4 1 < Y I U”(U) - w4l + 2 f II U” II. 
LJ=O v=o v=ii (7) 
Let v > 0. We show 
I U,(y) - U,W < 2”+lk2(b - a)-’ II Uv IKy - 4. (8) 
Set 
xj = a + (b - a) 27, j= 0,l ,*--, 2y. (9) 
(a) Assume both x and y belong to some interval [ximl, xJ, 1 < j < 2”. 
By A. A. Markoff’s inequality [9, p. 361 applied to that interval, 
I U,(y) - U,(x)1 = (y -x)1 U,‘(z)1 < 2+1k2(b - 4-l I/ Uv ll(y -4, x < z < y. 
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(b) Suppose the assumption in (a) does not hold. Let 
Then (with cbl meaning 0 ifs = 0), we have by A. A. Markoff’s inequality, 
= Iwk’(b -- a)-’ j/ U” jj (y - x). 
Setting E = max (C, llfi Ii), we have from (7), (8) and (4): 
A-l 02 
< Ek”(b - a)-’ (y - x) c 2”+12-av f 2E 2-W 
t-0 v=ri 
= 2Ek2(b - a)-” ( y - x)[2 - (1 orbA _ j][2”-cz _ 11-I + 2Eyy~ _ 24-z 
< F[(y - x) 2(1--4fi + 2-y f 
where F = max [2Ek2(b - a)-” (21--a - I)-‘, 2E(1 - 2-9I]. 
y definition of n”, 2”(y - x) > 0 - a, 2”(y - X> < 2(b - cz). So 
(y - x)--CL [(y - x) 2(l-QA + 2-7 < (2(b - a)}l-2 + (6 - ap. ence 
/ f(y) - S(x)1 ,< L( y - x)oI, with h, = F[(2(b - a))i-S + (b - a)-“]* 
) Suppose a < 1, p > 0. By (6) and by part (A) applied to j(p), t 
latter satisfies in [a, b] a Lipschitz condition of order a, 
(C) Suppose at = 1, p = 0, k # 1. Let a ,( x < x + 21% < 15, and let 
F%. be the largest positive integer n satisfying 2% < b - a. We have 
370 0. SHISHA 
Let v 2 0. We show 
Now 
/ u,(x) - 2U,(x + h) + U,(x + 2h)l G Gh22”, 
G = (8/3) E(b - a)-” k2(k2 - 1). 
(11) 
u = U,(x) - 2U”(X + h) + Ul(X + 2h) 
= U”b + w - w + h> - {U”(X + 4 - u”(x): 
= h(U,‘(z) - u;(Y)), 
where x < y < x + h < z < x + 2h. If [using the notation (9)] both y and z 
lie in some [xjV1 , xj], 1 < j < 2”, then U = h(z - y) U’:(w), y < w < z, and 
by W. A. Markoff’s inequality applied to [xiPl , x,.], 
1 .q(w)l < 22”‘2(b - a)-” 3-V&P - 1) I/ u, /I) (12) 
which, by (4), implies (11). If y and z do not belong to the same [x+~ , xj], let 
~,-~~y<x~“.~x~+~<z~x~+~+~, ldr<2”,sZO. By (4) and 
inequalities similar to (12) we get again (1 l), since 
I KY4 - U,‘(u>l 
e I U”‘(Z) - Uyl(~Y+s)l + p I U”Y&,,> - w,,,4~l] + I U,l(&> - aYv)l 
j=l 
< (4/3) E(b - a)-” k2(k2 - 1) 2” 
[ 
z - x,+, + 
i 
f: x~+~ 
j=l 
.-xrillj +x,-Y] 
< Gh2y. 
By (lo), (11) and (4), If(x) - 2f(x + h) +f(x + 2h)l < Gh22a + 8C2-fi. 
Now (b - a)/(2h) < 2% d (b - a)//~, and hence 
If(x) - 2f(x + h) +f(x + 2h)l < [G@ - a) + 16C@ - a>-‘1 h. 
(D) More generally, suppose 01 = 1, k Z p + 1. In view of (6), we can 
apply the Lemma to f(p), with k replaced by k - p and withp of the Lemma 
taken as 0, and obtain the desired conclusion. 
(E) Suppose 01 = 1, p = 0, k = 1. The method used in [8], p. 397, to 
prove sufficiency, clearly establishes also the Lemma in the present case. 
Namely, let a < x < x + 2h < b, and let IZ~ be the largest y1 EN (i.e., YE of 
the form 2U3v* u = 0 1 z, = 0, l,...) for which [x, x + 2h] is contained in 
some &, 1 ‘< j < A. ‘Then 2h > (b - a)(6n,,)-l. For, otherwise, if, say, 
[x, x + 2h] C In,,?, , 1 <j,, < ~1~ , then [x, x + 2h] would lie either in one of 
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the two closed halves of 17E0,j0 or in the (open) middle third of InO,j, . Hn each 
case, the maximality of n, is contradicted. By the iinearity offn, in ix, x + 2hJs 
we have 
+ {f(x + 24 - j&(x t- 2h))i 
< 4/4/n, < 48A(b - a)-’ h. 
(F) Suppose, finally, 01 = 1, k = p + 1. In view of (6), we can apply 
the Lemma to f(p), with k replaced by k - JJ and with p of the Lemma taken 
as 3. 
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